One of the key factors in designing a motor built-in high speed spindle is to assemble the motor rotor and shaft by means of hot-fit. Presented in this paper is a study of the influence of a hot-fit rotor on the local stiffness of the hollow shaft. Dynamic analyses of the rotor-hollow shaft assembly using contact elements are conducted. The normal contact stress state between the rotor and the hollow shaft is obtained through the use of contact elements with friction effects included. The normal contact stress, considered as the pr-stress between the rotor and the hollow shaft, is then adopted for subsequent modal analyses. In this study, the modal analysis results are verified by a modal testing experiment. The percent errors of the first natural frequency and the second natural frequency are down to about 0.58% and 0.79%, respectively.
INTRODUCTION
As the modern world progresses, the demand on products has asked more about their functionality than their appearance. The finite element method (FEM) is a powerful tool and has been applied to numerous analyses. One advantage of FEM is that it could save time and cost for engineers in the development of new products. In the beginning of the research and development of a product, the finite element model of the product is constructed and static and dynamic analyses are conducted on the model to obtain the simulation results as the first engineering assessments. Experiences have indicated that the selected parameters of the numerical model such as element type, material model, contact conditions, etc. might introduce errors to the simulated results. Thus, the numerical model needs to be verified by experimental means; for example, a numerical modal analysis should be further verified by the results of a modal testing. In modal testing, the frequency response function (FRF) and modal parameters are obtained and used as a benchmark for the finite element model on subsequent dynamical analyses.
There were many studies about modifying finite element model based on experimental results. While most of the studies were based on homogeneous governing equations and orthogonality conditions of a specific structural system, some considered the effects of modal parameters on mass and stiffness matrices as well as sensitivity analysis. In the Berman's study [1] , the experimental eigenvalue matrix and modal matrix were used to modify the mass and stiffness matrices of the system. The modified matrices were still full thus were incompatible with the finite element model. Chen [2] proposed a procedure to identify the structural parameters by modal testing results. In the procedure, the eigenvalue matrix, modal matrix, and the calculated eigenvalue matrix were used to modify the physical parameters of the structure. Yee and Tsuei [3] suggested an approach of directly modifying the mass and stiffness matrices obtained through the modal simulation. In the studies by Chen, Tsuei and Ibrahim [4] [5] [6] [7] , normalized mode shapes were extracted from complex modes as the experiment bases of an undamped vibration theory. A dynamic reduction approach was suggested to reduce the degrees of freedom hence confirm the model with the results of modal testing. The model was further modified based on the approaches suggested by Shih and Tsuei [8] . In the studies by Ozsahin, Erturk and Ozguven [9] [10] [11] , analyses on a spindle-holder-tool assembly were conducted. The Timoshenko beam theory was employed to calculate the tool point FRF of the assembly with the use of the receptance coupling and structural modification methods. The model was important to the assessment of cutting Stability Lobe Diagram. In their studies, the dynamic parameters in the interfaces of spindle-holder and holder-tool subassemblies were also assessed. The stiffness in the interface was determined with the modal testing results. The model was updated with the stiffness and the analysis results were well agreed with those of modal testing. Their studies also investigated the design parameters including overall dimensions, bearing stiffness, bearing position, damping, tool holder, and tool overhang. A fundamental issue came from their study was the precision of the finite element model of the rotor-shaft assembly as a structural system. As the model of the rotor-shaft assembly is precisely constructed, it would improve prediction of the whole shaft structure including other accessories such as bearing, etc. This issue is the major investigation of the study presented herein.
The dynamic analysis of the rotating shaft is one key factor in the development of a motor built-in high speed spindle. However, one of the important design factors is that the motor rotor is mounted on the shaft by hot-fit (shrink). This fitting complicates the connection of the rotor and the shaft. To establish an accurate finite element model becomes a direction that is worth further investigation. While most previous studies focused on the design and functionalities of the spindle system as a whole, few were on the structural behavior of the rotor-shaft assembly [12] [13] [14] [15] . These studies adopted finite element tool to build the rotor-shaft assembly with solid elements. Contact conditions in the interface of rotor and shaft were not considered. The accuracy of the results was yet to be verified. Chen [16] [17] [18] indicated that the overall stiffness of a spindle was considerably influenced by the fitted rotor. The natural frequencies tend to increase with the rotor mounted on the shaft by interference fit. Ignoring the contact mechanism (only considering mass inertia) in the interface of rotor and shaft would underestimate the dynamic characteristics of the rotor-shaft assembly. On the other hand, if the rotor and the shaft are ''perfectly stiff contact'', the stiffness of the assembled structure would become even higher which would present overestimated results.
In the studies of Ju, Stone, and Rowlands [19] [20] , the penalty function method was used for contact analysis. The penalty function method is suitable for large distorted elements, friction, and augmented Lagrangian algoritnm. Asante [21] applied elastic contact and finite element model to predicting the distributions of applied pressures as well as stresses and strains in a clamping system. In his research, the magnitude of the applied pressures was not accessed. The amount of interference was varied to study its effects. In addition, other researches [22] [23] [24] [25] [26] [27] [28] introduced contact elements to the study of finite element modeling as well as boundary element modeling. These studies focused more on frictional effects including loads and contact stresses than interference. In this study, contact elements are used for the analysis of the rotor-shaft system. The study consists of a static analysis followed by a modal analysis. The stiffness of the system is investigated in terms of interference and frequency. This study is original in that the rotor and the shaft are assembled with interference fit and that contact elements are also introduced to modeling the behavior between the rotor and the shaft. The approach is an application to design phase rather a posterior improvement proposed in [16] [17] [18] .
APPROACHES FOR THE STUDY
In this study, commercial finite element analysis software, ANSYS, is employed to construct the numerical model of rotor-shaft assembly and to perform modal analyses. The simulated results are further verified by those obtained through modal testing. In constructing the numerical model, the contact elements supported by the software are deployed in the interface of the hollow shaft and the rotor. In a numerical analysis, contact due to interference fit is characterized by contact status between the components involved in contact. It has such features as no penetration, transferring of normal pressure and tangential traction, inexistence of normal tension force. These features are nonlinear and complicated for the analysis.
Contact problems require significant computer resources to be solved. It is essential to understand the physics of the problem and set up proper model to efficiently solve the problem. There are two significant difficulties in handling contact problems. First, it is not known as a priori the regions of contact until the problem is being solved. Depending on the loads, material, boundary conditions, and other factors, surfaces can come into and go out of contact with each other in a largely unpredictable and abrupt manner. Second, most contact problems need to account for friction. There are several friction laws and models to choose from, and all are nonlinear. Frictional responses can be chaotic, making solution convergence difficult.
Contact problems fall into two general classes: rigid-to-flexible and flexible-to-flexible. In rigid-to-flexible contact problems, one or more of the contacting surfaces are treated as rigid (i.e., it has a much higher stiffness relative to the deformable body it contacts). In general, when a soft material comes in contact with a hard material, the problem may be assumed to be rigidto-flexible. Many metal forming problems fall into this category. The other class, flexible-toflexible, is the more common type. In this case, both contacting bodies are deformable and have similar stiffness. In this study, the rotor-shaft assembly is considered flexible-to-flexible contact as they are all deformable.
ANSYS supports three contact models: node-to-node, node-to-surface, and surface-tosurface. Each type of model uses a different set of ANSYS contact elements. This study adopts 3D surface-to-surface model to study the dynamic characters of a rotor-shaft assembly. The finite element model of the assembly is first constructed. The contact pairs are then identified by using target and contact elements; namely TARGE170 and CONTA174. CONTA174 is an element representing contact and sliding between 3-D "target" surfaces and a deformable surface, defined by this element. The 3-D "target" surface is represented by TARGE170. CONTA174 has the same geometric characteristics as the solid or shell element face with which it is connected. Contact occurs when the element surface penetrates one of the target segment elements. Before the contact and target elements are deployed, contact and target surfaces must be designated. In general, a concave surface, a stiffer surface or a surface having coarse mesh should be the target surface [29] ; thus, the inner surface of the rotor is designated as the target surface. Contrarily, the outer surface of the hollow shaft is the contact surface. The contact elements associated with flexible surfaces have the same geometric features as those of the underlying deformable elements. In addition, the contact elements are in the same order as that of the underlying deformable elements.
It is necessary to define stiffness for all contact problems. The amount of penetration between contact and target surfaces depends on the normal stiffness. Higher stiffness values can lead to convergence difficulties. In general, the contact stiffness should be large enough to ensure the smallest penetration and small enough to ensure convergence. ANSYS is capable of estimating the contact stiffness based on the material properties of the deformed elements. It employs FKN, a necessary normal contact stiffness factor which scales the contact stiffness as a fraction of the Young's modulus of the underlying material, to control the contact behavior between the contact and target elements. The usual scaling range of FKN is 0.01,10. In the analysis, FKN is set 1.0 which is appropriate for bulk deformation and for avoiding penetration. In this study Coulomb friction model is used; that is, the contacting surfaces carry shear stresses up to a certain magnitude across their interface before they start sliding relative to each other. Coulomb friction model defines an equivalent shear stress as a fraction of the contact pressure. Once the shear stress is exceeded, the two surfaces will slide relative to each other. In the analysis t~m|p ð1Þ
where t is the shear stress, m is the friction coefficient, and p is the contact pressure.
The boundary condition of the specimen used for the modal testing is of ''soft suspension'' and is an approximately ideal free-free boundary condition. Generally, it is infeasible to reach a condition of free vibration in a modal testing; soft suspension therefore becomes a reasonable approach. In this study, the rotor-shaft assembly is suspended with rubber bands in the modal testing. The height of suspension is half of the free length of the rubber band. A modal testing aims at assuring modal parameters including natural frequencies, mode shapes, and damping ratios. The test apparatus consists of an excitation source, a signal acquisition device, a signal analyzer, and frequency response analyzer. The mode shapes corresponding to the natural frequencies are obtained based on the frequency response functions derived at pre-selected locations of the tested specimen. It is noted that the mode shape is a relatively vibratory measure between the locations of a structure and is invariant with the test conditions and test methods. Figure 1 shows the diagram of experiment apparatus.
In a dynamic analysis, the frequency response function (FRF) is used as a quantitative measure to characterize the structural system to be analyzed. In general, the FRF is derived for an undamped dynamic system. The governing equation of the motion of an undamped dynamic system is
M€ x x(t)zKx(t)~f(t) ð2Þ
where M, K, x, and f, respectively, are the mass matrix, stiffness matrix, displacement response vector and externally applied excitation vector of the dynamic system. The detailed derivations can be referred in [18] . With zero initial conditions, the displacement response evaluated in frequency domain is expressed as Fig. 4 . Schematic of the rotor. 
where X and F, respectively, are Laplace transformation of the displacement and the applied excitations, and
is denoted as the normal FRF. Furthermore, we obtain
in which h jk is the FRF of j-th node responding to the excitation at the k-th node, r w j is the j-th component of the r-th mode shape vector, v v r is the r-th natural frequency of the system, and N is number of the total natural frequencies considered in calculating the response. In the present study, we obtain both r w j and v v r through FEA. The frequency response functions are determined using Eq. (4) and then compared with those obtained by the modal testing.
APPLICATION AND RESULTS

Finite Element Modeling
The flow of this study is expressed in Fig. 2 . First, an interference of 0.028 mm is initially selected. With this interference, the hollow shaft and the rotor are designed as seen in Figs. 3 , and Poisson's ratio 0.333, respectively. For the FE model, SOLID95 elements are employed to describe the behavior of both shaft and rotor; SOLID95 is a 3D 20-node solid structural element. It has compatible displacement shape and is well suited to model curved boundaries. CONTA174 and TARGE170 are used in the contact area of the interference to fully catch the contact responses. The inner surface of the rotor is set to be the contact surface while the segment of the outer surface of the shaft that interferes with the rotor is set to be the target surface. It is assumed that both surfaces are perfectly contacted. The sparse matrix direct solver is selected. Additional settings required for this contact analysis include (1) the augmented Lagrange method, which can lead to better conditioning and is less sensitive to the magnitude of the contact stiffness coefficient, is chosen as contact formulation, (2) contact detection is located at Gauss integration point, (3) initial penetrations including geometry penetration and offset, (4) contact stiffness being updated based on the current mean stress of the underlying elements, (5) normal penalty stiffness factor 1, and (6) penetration tolerance factor 0.1. For static analysis, both end surfaces of the shaft are fixed as the fixed-fixed BCs to prevent rigid body motion and to comply with Saint-Venant's principle. For modal analysis, free-free BCs are used in order for the model to be compatible with that in the subsequent modal testing.
Results of Static Analysis without Friction
The static analysis results of interest are presented in Figs. 6 through 8. Figure 6 shows the radial deformation of the shaft. Most of the contact surface of the shaft deforms or shrinks uniformly. The deformation reveals lateral shrinkage due to interference fit. Necking deformation is seen in both entrant areas, i.e. the areas where the shaft meets both ends of the rotor. While shrinkage is seen on the shaft, there exists outward deflection on the rotor as shown in Fig. 7 which presents the radial deformations of the shaft and the rotor. It is interesting to see from Fig. 7 that while most of the rotor body expands uniformly, apparent deformations (in relative sense) exist at both ends of the rotor such that the rotor deforms in a nozzle shape with a long throat. The described deformations result in stress concentration in both entrant areas as shown in Fig. 8 which shows the normal stress distribution in radial direction. Figure 8 also shows that the material in both overhangs of the shaft experience tension stress and the material in the contact segment experience compression stress.
Dynamic Modal Analysis
The pre-stress state obtained in the static analysis is then applied to the subsequent modal analysis. The boundary condition used in the static analysis is cancelled so the rotor-shaft assembly is in free-free condition. The sparse matrix direct solver is selected. The first two natural frequencies are 2053.3 Hz and 4312.26 Hz, respectively. The first vibratory mode shape of the rotor-shaft assembly is shown in Fig. 9 , and the second mode shape is in Fig. 10 . The results of the mode shape are of expected as the first mode shape of the first mode is in a bowl shape with 2 nodal points and that of the second mode in ''S'' shape with 3 nodal points. 
Modal Testing
To verify the modal analysis of FEM results, the modal testing is conducted. In the specimen of the test, an accelerometer is attached to the assembly at location 1 as shown in Fig. 11 . The 15 locations as marked 1 through 15 in Fig. 11 are the locations, each of which a hammer is used to create excitation. The responses of the rotor-shaft system subjected to the excitations are analyzed to get the FRFs and then the natural frequencies are estimated by ME'scopeVES software. The estimated first natural frequency is 2379.71 Hz, and the second natural frequency is estimated to be 4849.32 Hz. Comparing the results of modal analysis of FEM and modal testing, it is found the percent error of the first natural frequency is 13.7%, and the second 11.1% as shown in Table 2 .
Effects Of Contact Friction
In the static analysis described above, the friction between contacting rotor and shaft is not considered. In most applications, there indeed exists friction between any two contacting bodies. In common practice, the coefficient of friction on the interface between two steel parts is 0.029,0.12. In the present study, three coefficients of friction (COF), 0.029, 0.0745, and 0.12, are assumed to study the effects of contact friction on the dynamic characteristics of the rotorshaft assembly. The results of normal contact stress due to various interference and COF's are presented in Table 3 . It is interesting to see from Table 3 that the normal contact stress increases with the coefficient of friction; for each interference, the normal contact stress for COF 5 0.029 is about 2% higher than that for COF 5 0, 4.4% for COF 5 0.0745, and 5.9% for COF 5 0.12, respectively. Similar to the procedure described above, the pre-stress state with COF being considered is then applied for the modal analysis to calculate the first two natural frequencies. The results are shown in Table 4 . It can be seen from Table 4 that with the friction being considered, the percent error of the first natural frequency becomes improved from 13.7% to 0.58% (in average) and that of the second natural frequency from 11.1% to 0.79% (in average). Apart from the natural frequency, the frequency response functions (FRF) are also compared. The frequency response functions are obtained based on 0.028 mm interference and COF50.0745. Shown in Fig. 12 is the comparison of the experimental FRF h 1-1 with that of the FEA results, and in Fig. 13 the experimental FRF h 15-1 with that of the FEA results. In the Fig. 11 . Fifteen locations where excitation is created by a hammer. 
CONCLUSION
In this research, finite element analysis software, ANSYS, is used as a tool to study contact behaviors of contacting bodies due to hot-fit. An approach using contact elements is suggested. The contacting bodies considered herein are a hollow shaft and a rotor. The rotor is mounted onto the shaft by hot-fit to form an assembly as a structural system. Both numerical simulation and modal testing are conducted. The numerical simulation includes constructing the finite element model with contact elements and performing a pre-stressed modal analysis. The modal testing results are used as verifications to the numerical results. The results lead to the following conclusions:
1. A FEA approach with contact elements and contact friction is proposed. The effect of the friction on the natural frequency of the rotor-shaft assembly is studied. With the friction being considered in the FEA, the natural frequency can be reasonably calculated and improved with accuracy. 2. The simulated results of the modal parameters are verified experimentally with certain accuracy. It may then conclude that introducing contact elements to account for contact behavior in a FEA is essential and able to give reasonable estimation. 3. The approach proposed in the study is further verified with experimental results; thus, the approach can then be considered as a design priori rather than a posteriori. Also, with the versatility of the procedure of the approach, it can be applicable to other similar contact analyses.
Furthermore, the amount of interference might be varied in a rotor-shaft assembly due to non-uniformly distributed temperature and the effects of centrifugal force; hence, the dynamic stiffness of the assembly is varied as well. This posts a future work of thermal-solid study that might lead to more precise results. It is believed that these more precise results would benefit another future study in which simplified equivalent models are possible for efficiently conducting rotor-dynamic analyses of such rotor-shaft assembly equipped its full accessories such as bearings.
